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We construct certain Banach algebras of infinitely differentiable functions on 
compact plane sets such that the algebras are quasianalytic, and we use these 
algebras to construct examples of Banach algebras defined on their maximal 
ideal spaces which, first, have only countably many peak points and, second, 
have the property that a discontinuous function operates on the algebra. We 
show that any function defined on an open subset of the plane which operates 
on a Banach function algebra is necessarily continuous on a dense open subset 
of its domain. 
We consider in this paper Banach algebras of infinitely differentiable 
functions on perfect, compact plane sets, and in particular we construct 
Banach algebras, defined on their maximal ideal spaces which have 
the further property of being quasianalytic; i.e., if every derivative 
of a function of the algebra is zero at a point, then the function is 
constant on a proper superset of this point. The algebras are con- 
structed and their basic properties established in Section I. 
In Sections 2 and 3 we use these quasianalytic algebras to exhibit 
examples of Banach algebras with particular properties. It is known 
that, for a uniform algebra on a metrizable space, the peak points 
form a second category set in the Silov boundary, and that, for a 
Banach algebra, the peak points are dense in the Silov boundary [2]. 
Are they also second category in this case ? In Section 2 we determine 
the peak points of a quasianalytic algebra defined on its maximal ideal 
space, and we show that these peak points may form a countable set. 
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Let A be a Banach algebra of functions defined on a compact 
space X. A function F defined on an open set U in C operates on A if 
F 0 f belongs to A whenever f belongs to A and f (X) C U. In Section 3 
we show that, for an algebra A defined on its maximal ideal space 
(assumed to be infinite and metrizable), at least one of the following 
holds: (1) every function which operates on A is continuous; (2) every 
function which operates on A is locally Lipschitz on a dense open 
subset of its domain. Further, we demonstrate that case (2) does arise 
by constructing a quasianalytic algebra on which a discontinuous 
function operates. 
We finally recollect certain standard notation. Let X be a compact 
Hausdorff space, and let C(X) be the algebra of continuous, complex- 
valued functions on X. Then C(X) is a Banach algebra with respect 
to pointwise multiplication and the uniform norm, 1 . Ix , on X. A 
subalgebra A of C(X) which separates the points of X, contains the 
constants, and which is a Banach algebra with respect to some norm 
// * // is a Banach function algebra on X; A is a uniform algebra if 
I/ ’ II - I * lx Y and A is natural if X is the maximal ideal space of A. 
I. DEFINITIONS AND BASIC PROPERTIES 
Throughout this section, X will denote a perfect, compact plane 
set. 
A complex-valued function f on X is dzferentiable at z,, (zO E X) if 
exists, and f is dzyerentiable on X if it is differentiable at each point 
of x. 
Note that, if f is differentiable on X, it is analytic on int X. 
1.1. DEFINITION. The algebra of functions on X with con- 
tinuous kth derivative is denoted by ok(X). For f in Dk(X), let 
Ilf lltc = C,“=o If(?) Ix/r!. Th e a e ra of functions with derivatives k b 
of all orders is D”(X). 
We also introduce certain subalgebras of D”(X). Let {Mk} be a 
sequence of positive numbers such that 
MO = 1 MlC and __- 
k 
M,M,-, ’ r ( 1 
(r = 0, l,...., k). (1.1) 
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1.2. DEFINITION. For (Mk} satisfying (1. I), let 
and for f in D(X; {Mk)) let lif I/ = xr=,, If’“) I,r/Mk . 
For convenience, we regard Dk(X) as being an algebra of the type 
Wf; P4iH by setting AI, = r! (Y = 0, I,..., k) and l/M, = 0 
(r = k + I,...). 
We now introduce the type of compact set which we shall consider. 
A compact set X is connected by recti$able arcs if any two points of X 
can be joined by a rectifiable arc lying within X. For such a set, let 
f%l P .zJ denote the geodesic distance between .zr and za , the infimum 
of the lengths of the arcs joining x1 and z2 . Since X is compact, this 
infimum is attained. Clearly, 6 defines a metric, the geodesic metric, 
on X. 
1.3. DEFINITION. A compact plane set is unz~ormly regular if it is 
perfect, connected by rectifiable arcs, and if the geodesic metric is 
uniformly equivalent to the Euclidean metric on X. 
Thus, if X is uniformly regular, there is a constant C such that 
Ql , z2) < c I 21 - x2 I (3 , z2 E w. Q-2) 
1.4. DEFINITION. For f E ok(X) and z,, E X, let (T,kof) (z) = 
ILO (z - .qJrf%Jl~!, and let R,kof = f - T,kof. Then f has a 
k-Taylor expansion at x0 if j(R,kof) (x)1 = o(j z - z. jk) as z + z, . 
1.5. LEMMA. If X is unzyoormly regular and z,, E X, then 
(9 If(z) -f(Gl < 6(x9 d If’ lx < C 12 - z. I If’ IX 
(f E Dl(X), 2 E X); 
(ii) f has a K-Taylor expansion at x0 (f E Ilk(X)); 
(iii) j(Rtf) (.z)I < Ck+l / x - z. jk+l ) f tkfl) lx/k! (f 6 D”+‘(X)); 
(iv) D(X) C R(X). 
As usual, R(X) d enotes the uniform closure on X of the rational 
functions with poles off X. 
Proof. (i) Let a be an arc of length S(z, so) joining a0 to z. Given 
E > 0 and f E D(X), each x E 01 has a neighborhood U, such that 
/f(y)-f(x)/ < Iy-~l(/f’j~+~) foryEU,, and so there is a 
sequence {so, z1 ,..., z,, , znt+l = z} C cy with ) f(zi+l) -f(q)! < 
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%+1 - zi I (If' loi + c> (i = O,..., m). Thus, If@) - fhJI < 
6(x, z,,) (j f’ la + E). But this is true for all E > 0, and so we have (i). 
(ii) IffcP(X), letg = R$of, so thatg(z,,) = *.a =g(k’(z,) -0, and 
for each z E X, let 01, be an arc of length 6(x, z,J joining x,, to z. For 
XE%, Ig y ; I-r)(x)/ < 6(x, qJ ] g’“’ INz , as in (i), and then (if k > 2), 
for 
) g’“-yz)l $ ;s( 
j g(k-2)(y)l < 6(y, zO) / gck-r) laz . In particular, 
z, z,,)}~ 1 g(“) Ia5 < C2 j z - z. I2 / gck) Ia, , where C is 
defined by (1.2). C on t inuing, we obtain ; g(z)/ < Ck ! z - z, lk 1 g@) lnz. 
Since g(“) is continuous and X is uniformly regular, g(“) llY -+ z 
) g(k)(z,,)J = 0 as x--f z0 , and so (ii) follows. 
(iii) Suppose that x E X and take q, = 0. Define F E D(X) by 
F(w) =f(x) - f(w) - (z - w)f’(w) - ... - (z - w)kf’“‘(w)/k!. 
Then F’(w) = -(z - ~)~f(~~~l)(zu)ik!, and, by (i), ;(R,‘ef) (.z)I < 
6(x, 0) supwea i(z - ~)~f(~+r)(zu)(k! / , where (Y is the arc joining 0 to 
2. Since 1 x - w ! < 6(x, 0) for w E a: and 6(z, 0) < C i z 1 , (iii) 
follows. 
(iv) If f E D”(X) and z1 , z2 E X, then, as in (ii), j(Rilf) (z2)j < 
C” 1 z1 - z2 lk SUPINE /f(“)(z) -f’k)(~~)j , where oi is an arc of length 
%% 7 z2) joining z1 and z2 . Sincef (k) is uniformly continuous on X, 
[(@f) (z2)1 = o(I x1 - z2 lk) as j z1 - z2 j + 0, and so f can be 
identified in an obvious way with a jet of order k which is a Whitney 
function of class C” on X. (See [5, Chapter I] for definitions.) 
In particular, if f E Dl(X), thenf is of class I?, and so, by Whitney’s 
extension theorem [5, Chapter I, Theorem 3.21, there exists a function 
F, defined and with continuous partial derivatives on R2, such that 
FIX=f,F,)X==f’, andF, i X -= 0. Thus,f E R(X) [3, Chapter II, 
Theorem I .l]. This completes the proof of the lemma. 
1.6. THEOREM. If X is a compact plane set which is a jinite tinion 
of uniformly regular sets, then Dk(X) (k = 1, 2,...) and D(X; (Mk)) for 
{M,) satisfring (1.1) are Banach function algebras on X with respect 
to the appropriate norm. 
Proof. Let D be any of the above spaces and let /I * // be the cor- 
responding norm (given in Definition 1.1 or 1.2). 
If f, g E D, then C l(fg)(“) /,dMk = C I Cl.+k (ff)f(%+) lxififk < 
CC Iftr) Ix!~J CC I P Ix/J%) = llfll l/g II y so that fg ED and the 
norm is submultiplicative. 
Let z0 E X, and let X = X1 u X, , where X1 is the uniformly 
regular component of X containing z0 and X, n X2 = O. Then, by 
5W13/‘-3 
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Lemma 1.5(i), there exists a constant C, such that If(z) -f(z,)l < 
Cl I z-zOj If’Ix(.z~X1),andso 
I f(4 - fhl>l G c2 I u” - %I I (lflx + I f’lx) (z E q, (1.3) 
where C, = C, + 2 sup{/ z - zO i-l : z E X,}. 
We now prove that (D, j/ . 11) is complete. First, let (f,} be a Cauchy 
sequence in D’(X). Then (f,} and {fn’} are i * I,-Cauchy, with 
respective limitsf, g E C(X), say. An elementary argument using (1.3) 
shows that f E P(X), f’ = g, and f, -f with respect to 11 * l/i . Now 
let (fni be a Cauchy sequence in D. Then fn + f, say, and f Lk’ +f (k) 
with respect to : . Ix , and it follows easily that f E D and f, -f in 
(D, 11 . iI>, so that (D, I! . 11) is complete. 
This completes the proof of the theorem. 
1.7. DEFINITION. Let D be any of the preceding algebras. We 
denote by D, , D, the subalgebras of D generated respectively by 
the polynomials in z, and by the rational functions with poles off X 
which belong to D. 
As we are seeking to construct natural Banach function algebras, 
we consider the maximal ideal spaces of the algebras D, D, , and 
D, , where D == D(X; (M,}) and X is uniformly regular. 
If (M,;;tz!)il” is bounded as k + CO, then none of the preceding 
algebras is natural for any X. This follows from the fact that, if 
fa(z) :: ((1 - 2))’ (2 E X), where 01$ X, then fa + D for 01 sufficiently 
close to X. We are, thus, interested in the case when (Mk/k!)lP is 
unbounded as h -+ co; we include the algebras D”(X) under this 
head. It is convenient to define positive numbers {P,,.> by the equations 
P” = 1 and Iv, = k!P,k (k = 1) 2,...). (1.4) 
(We take P,; = CC if M,: = 30.) 
It is very easy to determine the maximal ideal space of D,; this will 
give the basic example required in Section 2. 
1.8. THEOREM. If X is unajormly regular and ;f Pk + CO as h + a, 
then the Banach function algebra D, = D,(X; CM,<}) is natural. 
Proof. Since Pk + co, every rational function with poles off X 
belongs to D, . If 4 is a character on D, and if s = 4(z), where s 
is the coordinate functional, then it is easy to see in the usual way that 
s determines 4 and that $ is a point of the rationally convex hull of X, 
which is just X. It follows that D, is a natural algebra, as required. 
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1.9. THEOREM. If X is uniformly regular and if Px: -+ co as k + co, 
then the maximal ideal space of the Banach function algebra 
D, = D,(X; {Mk>) is J?, the polynomially convex hull of X. 
Proof. Let the maximal ideal space of D, be Z. Clearly, k (1 Z, 
identifying Z with the spectrum of z. 
Conversely, suppose that x0 6 XT. Then there exists a polynomial p 
such that p(xO) = 1 and h = / p Ix < 1. In fact, we may suppose that 
h < (2e)-l. Let m be the degree of p. It is clear that (Pi) is a finite 
sum of terms of the form 
Ap’(p’)h . . . (p(qb?, 
where A is a constant, k, + 2k, + ..* -i- mk, = k, and 
Y E (n - k,..., n} for k < n, Y E (0 ,..., n> for k > n. Differentiating 
this expression, we obtain a number of terms, the sum of the initial 
constant terms being (Y -1 k, + ... + k,) A < (rz + k) A. Let 
M = max{l, / p’ lx ,..., 1 pcrn) Ix}. Then I(pn)tk) lx < (n + k)k X”--LM” 
(k = O,..., n), and j(pn)tk) IX < (n + k)” Mk (k > n). Thus, 
= S, + T, , say. 
Now (n + k)” (n - k)! < (2n)‘” (k = O,..., n), so that 
S, < to (J (2e)n An-7i ($-)” = i. (1) (2eX)n-7d (F)“. 
Since 2eA < 1 and Pk + 00, we can choose k, such that 
2eM/P,( < &(l - 2eA) (k > k,), and then (for n 3 k,) 
S, < go (1) (2eA)“-” {&(l - 2eh)}k + (const) ,tO (l) (2eX)lLdk 
< (4. + $- . 2eX)” + (const) (2eA)n-ko &, 
so that S, -+ 0 as n + co. Also, T, < Cz+,l (2k)k Mk/P,,“k!, so that 
T,-+O as n-+ cg. 
Thus, I/ pn I/ + 0 as n --f co and p”(z,) = 1 for all n, and it is not 
true that / p”(z& < /I p” 11 for all n. Thus, z0 $ Z. 
This concludes the proof of the theorem. 
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We have not determined whether or not D = D(X; (Mk}) is 
natural whenever P,,. -+ co as k -+ CO, but it is true that D is natural if 
C:E: PkkP9-&Pqz” -+ 0 as n -+ co. We shall not prove this, but we 
shall give in Corollary 3.5 a technically simpler proof of a similar 
result. However, we do give a proof that the algebras (Dk(X), /I . lip) 
are natural for uniformly regular X and k = 1, 2,.... 
First note that the uniform closure of D”(X) is R(X), using 
Lemma 1.5(iv). If fE D”(X), t i is easy to see that iif’” (Jk = O(n” 1 f IF-“) 
as n -+ co, and so lim /If” Ili’n == j f Ix . If 4 is a character on D”, then 
: d(f>i <v(f) forfe DYX), w h ere v denotes the spectral radius, and 
so j +(f)i < ) f Ix for .f~ D”(X). It follows that 4 extends uniquely 
to a character on R(X), and so is given by evaluation at a point of X. 
1.10. DEFINITION. Let X be a perfect, compact plane set, and let 
A be a subalgebra of D”(X). Then A is a puasianalytic algebra if, 
for each x,, in X, the conditions 
.ftA and f’“‘(zo) = 0 (k = 0, I,...) (1.5) 
together imply that f (z) = 0 for each z in some proper superset of 
@oh 
Our purpose is to construct natural quasianalytic Banach algebras, 
and to do this we essentially impose the condition, 
&p=-, 
k=O 
(1.6) 
on the sequence of numbers {MIi). For convenience, we shall also 
suppose that the sequence {Mk] is logarithmically convex, so that 
M,’ < MdKw (k = 1, 2,...). (l-7) 
The proof of the following theorem follows closely a method of 
Bang used in the proof of the Denjoy-Carleman theorem, and 
expounded in [6, Section 4.21. 
1.11. THEOREM. Let (Mk} b e a sequence of numbers satisfying (1.6) 
and (1.7), and let J b e a un;formly regular arc joining points a and b. 
Suppose that f E D”(J), f@)(u) = 0, and 1 f ck) iJ < MI; (k = 0, I,...). 
Then f is identically zero on the arc J. 
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Proof. If {Pk) is bounded, then it follows easily from Lemma 
1.5(iii) that f is zero on J, and so we may suppose that Milk -+ co as 
k --j co, as in [6, Section 4.2, Part III]. 
Let zs , xi ,..., x, be points in order along J, with z, = a and a,, 
an arbitrary point of J. Define l,Jz, ,..., zn) inductively by 
Il(Z” 3 zi) = z1 - x0 and 
i 
3k 
I&, )...) q.) = I&+) ,..., x*--3 , t) dt (k 3 2). 
- zg-1 
If f E D”(J) and iff(“)(z,) = 0 (K = 0, I,...), then 
by induction on n, using integration by parts, just as in [6, Section 
4.2, Part I]. 
Let S, = 6(x, , xJ. It is easily proved by induction that 
I Ik(% ,.-, zk)i < I&l SI ,..., S7J, and then, if S, > S, - S, 3 
-*- > s, - Sk-1 ) it is shown in [6] that 17J0, S, ,..., S,) < 
f?“S,(& - s,) *‘* (Sk - A&_,). 
Define pk by pi = 1 and tag = Mkpl/M, (k 3 2), so that, by (1.7), 
&.} is a nonincreasing sequence, and let ollz = 6(x, , a)/xz-,, pk , so 
that CY, ---f 0 as n -+ W. As in [6], choose the points zi ,..., z, on the 
arc from z0 to a so that z, = a and 6(z,-, , zk) = OI,~+ (K = I, 2 ,..., n). 
Then / 1~,._,(x, ..., xIC-r , t)i < (ane)k-l pu% **. pk for t belonging to the 
arc from zk-r to x1( , and so, for k 3 1 
whence, /f (z,Jj < MIoln( 1 - cy,e)-l + 0 as n - CO. 
But this holds for any point z,, of J, and we have proved the 
theorem. 
1.12. THEOREM. Let X be a uniformly regular plane set. Then there 
is a natural quasianalytic Banach function algebra on X. 
Proof. Let the algebra be D,(X; {M,}), where the sequence (Mk) 
is chosen to satisfy the conditions (1. l), (1.6), and (1.7), and is such 
that PrC -+ CC as k-t 00. For example, take M, = 1 and 
Mk = k! log2 *** log(k + 1) (k = I, 2,...). This proves the theorem. 
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2. PEAK POINTS 
Let A be a Banach function algebra on X. A point x in X is a 
peak point for A if there exists .f in A such that /f(y)/ ’ / f(x)1 
(Y E x\w. 
If A is a uniform algebra and X is metrizable, then the set of peak 
points for A coincides with the Choquet boundary for A, and is a 
dense G,-subset of the Silov boundary [3]. It follows easily that, in 
this case, the peak points form a second category set in the Silov 
boundary. For a general Banach function algebra A on a metrizable 
space X, the peak points may be a proper subset of the Choquet 
boundary, and it may be that there is no smallest boundary for A, but 
it does remain true that the peak points are a dense subset of the 
Silov boundary [2]. 
Our aim in the present section is to investigate the peak points of 
quasianalytic algebras on plane sets, and to show that even for 
natural Banach function algebras on uncountable sets there may be 
only countably many peak points. 
In this section, we denote by X’ the complement of a plane 
set X. 
2. I. DEFINITION. Let X be a compact plane set and let z belong 
to 8X, the frontier of X. Then z is strongly accessible from the comple- 
ment of X if there exists a closed disc Y such that v n X = [%,,I. 
2.2. THEOREM. Let X be a uniformly regular set, and let A be a 
natural quasianalytic Banach function algebra on X containing the 
coordinate functional. Suppose that zO E aX and that U n X\{z,> is 
connectedfor every U in some basic family of neighborhoods of z,, . Then 
z,, is a peak point for A if and only if z,, is strongly accessible from the 
complement qf X. 
Proof. Without loss of generality, take x0 = 0. 
Suppose that 0 is strongly accessible from X’, so that there exists a 
closed disk V, center xi , say, such that r n X = (0). Since A is 
natural and contains the coordinate functional, the function 
z tt (x - x1)-l ) X belongs to A, and it clearly peaks at 0, so that 0 
is a peak point for A. 
Conversely, suppose that f peaks at 0. Since f is not constant on 
any proper superset of 0 and since A is quasianalytic, there exists 
n > 0 such that f (n)(O) + 0. Let k be the least such n. 
First, suppose that k = 1. Rotating the set X around 0 if necessary, 
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we may suppose that f’(0) = - ic, where c > 0. Since f~ P(X), f 
has a 2-Taylor expansion at 0 by Lemma 1.5(ii), and so 
f(z) = 1 - icz + O(/ z 1”) as IZI-tO. (2.1) 
For t E [0, ~1, let Y t = inf@ > 0 : Geit E X>, and set 
h = lim inf ttO+ y tit (< lim inf t+71- rt/(n - t), say). If X =: 0, then 
there exists a sequence {tlL} such that t, + Of and Ye, = o(tn) as 
n -+ cx. So, from (2.1), 
.f(Q,,J’ “1 = 1 - icrt,(l + it, + O(Q)) + o(q), 
and 
(Re f) (yt,eitn) = 1 + W,,, + yt,0(t,2) + O(r,;) 
= 1 + cvt, + O(LYt,) 
>l for some n, 
contradicting the hypothesis that f peaks at 0. 
Thus, h > 0 and r1 > $t for sufficiently small t > 0. Let 
r be a disk, center at the point (0, h/8) and radius h/8. If 
sI = sup{6 > 0 : 6ei I E a} (t E [0, n]), then, for sufficiently small 
t ‘- 0, 
st = (A sin t)/4 < &it < rt , 
andso(VnX)nW=(O}f or some neighborhood W of 0 in C. It 
follows that 0 is strongly accessible from X’. 
Second, suppose that K > 2. Letf ck)(0) = ceit, with c > 0, and con- 
sider the rays l+ from 0 at angles tj = (24 - t)/k (j = O,..., k -- 1). 
If 0 is an accumulation point of X n Rjo , say, then, using Lemma 
1.5(ii), 
(Re f) (6 exp(itj,)) = 1 + cP/k! + o(P) 
as S -+ O+, so that Re f > 1 at some point of X n Rjo , contra- 
dicting the hypothesis that f peaks at 0. Thus, 0 is not an accumula- 
tion point of X n Rj for any Rj , and there exists r > 0 such that 
X n Rj n [I z / < r} = (0) (j = O,..., k - l), and such that 
U, = X f-7 (I x j -c ~}\{0} is connected. Hence, U, is contained in 
an open sector of angle 2nlk < 7~, and so 0 is strongly accessible 
from X’. 
This completes the proof of the theorem. 
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If the condition “U n X\(zz,,) is connected for every U in some 
basic family of neighbourhoods of zs” does not hold in the above 
theorem, and if z0 is a peak point for the quasianalytic algebra A, 
then we can say the following. Take Iz andf(“)(z,) as above (in the 
case K > 2). Then a similar argument to that of the theorem shows 
that, if 1 8 / < 7~;2k, 2” cannot be an accumulation point of the inter- 
section of rays from z0 at angles 19 -1 (271.j - t)/k (j = O,..., k -- 1) 
with X. Thus, taking these rays together, it is clear that, in an obvious 
sense, z0 is accessible from X’ in k sectors of total base angle arbitrarily 
close to r. If xc, is not so accessible, then z,, cannot be a peak point 
for A. 
2.3. THEORENI. There exists a natural Banach function algebra on an 
uncountable metric space having only countably many peak points. 
Proof. We first describe a construction %‘. Starting from a closed 
line interval I in the plane of length h as base, consider the dyadic 
rational points of I, the points at a distance pX/2{ from one end of I, 
where p and i are integers, p: 2i is in its lowest terms, and 0 < pi2i < : I. 
At each such point, construct both the perpendiculars to I in such a 
way that the perpendiculars at the point distance ~42 from the end 
of I have length A,i2i+i. (We regard the two perpendiculars as separate 
lines.) 
Starting from the unit interval [0, I] in C, apply the construction V 
to obtain a set Xi . To each line added in this construction, apply the 
construction V again, so obtaining a larger set X, . Continue in this 
way, forming the set X,,, by adding to X,, the lines formed by 
applying V to each line added in the construction of X, from X,-i . 
Let Y - (J X, and let X = Y, so that X is a polynomially convex, 
perfect, compact plane set. 
We show that X is uniformly regular. Let 6 be the geodesic metric 
on X, and take x, y E X such that 
x = (oil + 013 + “‘) a2 + Cd‘J + . ..). y = (PI + 163 + ..‘, iB, + Pa + . ..). 
in an obvious notation. We can suppose that each iui and each /3i 
is a dyadic rational, without loss of generality. Let x, , yn be the 
points obtained by setting an+X. (respectively, &+J equal to 
0 (k = 1, 2,...) in the foregoing expressions. If x # y, let n be the 
first integer for which 01~ # & , and let c = / Al, - /?, / . Then the 
perpendiculars at either x, or yn. have length < ic, and by 
considering the areas in which x and y must lie, we see that 
necessarily 1 x - y 1 > c/2&‘. Since ~~-, j OL~+~~ 1 < j olli 1 for each n, 
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it is clear that 6(x, y) < 2 j Pm+1 j + 2c, so, if 1 fln+i j 5; 2c 
6(x, y) < 1242 j x - y 1 . On the other hand, if 1 Pn+i / > 2c, then 
l”2:-ylI~liPn+lI-~~Z~lBnill,~othatS(~,y)~61~-yl. 
Thus, X is uniformly regular. 
Let A be a natural quasianalytic Banach function algebra on X 
containing the coordinate functional. Points at the outer ends of the 
perpendiculars added during any application of the construction 9 
are strongly accessible from X’, and so they are peak points for A. 
However, there are only countably many such points, and we shall 
show that no other point of X is a peak point for A. 
Suppose first that z0 E Y, but x0 is not one of the endpoints referred 
to previously. An easy geometrical argument shows that a0 is only 
accessible from X’ in two sectors, the base angle of each of which 
is strictly less than ~12, so that, by the remarks following Theorem 2.2, 
z0 is not a peak point for A. 
On the other hand, suppose that z0 E X\Y. Since X n U\{q,} is 
connected for each open disk U, center a0 , it is sufficient to show that 
x0 is not strongly accessible from X’. Consider the disk V, of largest 
possible radius such that x0 E V, and V, n X, = la. If X, is the 
length of the longest line added when forming the set X, from X,-i , 
we see by considering the area in which x0 must lie in relation to the 
lengths of the lines in X, that v,, must have radius less than k’h, , 
for some constant K. But h, + 0 as n + 03, so that, as required, z,, 
is not strongly accessible from X’. 
We have constructed the required algebra. 
Note that the set X of the preceding theorem is such that 
R(X) = C(X), and so the Choquet boundary of the algebra A is X 
itself. Thus, the peak points form a countable subset of the uncount- 
able Choquet boundary. 
3. FUNCTIONS WHICH OPERATE ON A 
BANACH FUNCTION ALGEBRA 
Let A be a commutative Banach algebra with identity. A funda- 
mental theorem of Gelfand shows that, if f belongs to A and F is an 
analytic function on an open set U containing the spectrum off, then 
F 0 p is the Gelfand transform of some element of A. It is natural to 
ask whether (for a given A) the class of analytic functions can be 
replaced by some larger class; i.e., given an open set U C C, for which 
functions F on U is it true that F 0 /’ is a Gelfand transform whenever 
f E A has its spectrum contained in U ? The problem is unaltered if 
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we quotient out the radical of A, so that we may suppose that A is 
semisimple and regard it as a natural Banach function algebra on X, 
its maximal ideal space. 
3.1. DEFINITION. Let F be a function defined on an open set U 
in C, and let A be a Banach function algebra on X. Then F operates 
on A if F 0 f belongs to A whenever f belongs to A and f (X) C lJ, 
and F operates weakly on A if F 0 f belongs to C(X) whenever f 
belongs to A and f (X) C LT. 
If A is self-adjoint, then every real-analytic function on U operates 
on A; on the other hand, if A is the group algebra of a nondiscrete 
locally compact Abelian group, only the real-analytic functions operate. 
(See [7, Theorem 6.9.21.) In the self-adjoint case it also makes 
sense to consider operating functions defined on the real line, and 
Katznelson [4] has shown that if X is infinite, then every such operating 
function is continuous. 
The following question was raised by P. C. Curtis in [I, Chapter 
VI] : 
QUESTION. If F is defined on the open unit disk and operates 
on the natural Banach function algebra A on X, where X is infinite, 
must F be continuous ? 
Our object in this section is to answer this question in the negative, 
using a natural quasianalytic algebra on the unit interval. We show, 
however, that, provided X is a metric space, any operating function 
must be continuous on a dense open subset of the disk, and, in fact, 
if discontinuous operating functions do exist (for a given A), then 
every operating function is locally Lipschitz on a dense open set. 
We first make some preliminary remarks on the problem: for further 
information see [1, Chapter VI]. 
3.2. DEFINITION. Let A be a Banach function algebra on X. 
Then A partially interpolates if, given 8 > 0 and a sequence {zn} of 
complex numbers converging to zero, we can find an f in A with 
1 f jx < 6, and such that f (X) contains infinitely many points of the 
sequence {.zn>. 
It is an easy exercise to show that, if A partially interpolates, then 
every function which operates weakly is continuous. A sufficient 
condition for A to partially interpolate is that there exist sequences 
bL> in x and ifnIl in A with fm(xn) = S,,,,, . For then, taking 
f : 2 z,~J~ where 1 zTLn 1 -+ 0 sufficiently fast, we have f E A, 
IfIx < 8, andf(xJ 1 znp. 
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We list below some further sufficient conditions for partial inter- 
polation (supposing that X is infinite): 
(1) for some f E A, f(X) has a nonempty interior; 
(2) A is regular; 
(3) A is a uniform algebra; 
(4) for some nonisolated point x,, in X, the maximal ideal 
(f : f(qJ = 0} in A has an approximate identity. 
We now turn to the construction of a discontinuous operating 
function. 
Let A be the algebra of all infinitely differentiable functions on 
I E [0, I] such that 
where 
llfll = sup{/ f’“’ I$Vn:: k = 0, I,...} < co, 
lWO = 1 and Mk = k! log 2 ... log@ + 1) (k = 1, 2,...). 
(This norm is less natural than the one used earlier; it is used here to 
simplify the computations.) 
Define B(n, 0) = 1 and 
log2log3~**log(k+1) 
B(n7 ‘) = log@ - k + 2) ... log(n + 1) 
(k = l,..., n). 
3.3. LEMMA. -g; B(n, k) + 0 as n + 30. 
Prooj. Let 0 < E < I be given. Choose a positive integer N :> 2;~ 
so that 
log(2 + log n) < min If, e- ! 21 
log(n + 1 - log n) (n 3 N). 
Fix n 3 N, and let k be the smallest integer greater than log n. For 
j=l ,..., k, we have 
lodl +a . I’ 
log@ + 2 - j) < m1n !T ’ e-2 ’ 1 
and, hence, B(n, j) < (e’S)i (j = l,..., k) and B(n, k) < e--2k. Noting 
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that B(n, j) = B( n, n - j) and that B(n,j) < B(n, j - 1) for j < in, 
we deduce that 
k’B(n,j) < 2 i (+ji + neczk 
j=l j=l 
< (42) + (l/n), 
< E. 
since k > log n, 
This completes the proof. 
It follows from the lemma that the norm on A is equivalent to an 
algebra norm. For, if f, g E A, then we have by Leibnitz’ formula 
where a/c = / f ck) 1,/M,*. and /3k = j g(“) j,jM, , and so I/ fg )/ < 
B 11 f (1 I/g 11 , some constant B. Thus, A is a Banach function algebra 
on I. 
3.4. LEMMA. If f E A with /) f /j < K, and ;f / f(z)1 3 6 > 0 
(X E I), then f -l E A and 11 f-l 11 < C(K, S), a constant depending only 
on K and 6. 
Proof. We may suppose that 6 = 1. Let a,,. and Pk be as previously, 
with g = f -l. Since f *f-l = 1, we have 
Choose N = N(K) so that CtZ: B(n, k) < (2K)-l, whenever n > N. 
Then /3, < M for n < N, where M = M(K) > 2K depends only 
on K. For n 3 N, we have j?~,+r 6 4 sup{fi,< : k < n> + K, noting 
that p,, < 1, and it follows by induction on n that fi, < M for all n. 
Thus, f-r E A and //f-l /I < C(K, a), as required. 
3.5. COROLLARY. A is natural on I. 
Proof. Suppose fi ,..., fn E A and have no common zero on I. Then 
there exist polynomials p, ,..., p, such that / 1 - C~-“cl f,pi II < &. 
By the lemma, there exists g E A such that Cy=, fipig = 1, and from 
this it follows that A is natural. 
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3.6. LEMMA. Let 6, E, M > 0. Then we can find an entire function f 
such that f (0) = 1 and 1 f (x)1 < E whenever Re z > &S and / z j < M, 
and also such that, ;f g E A is real-valued with g(x) > 6 (x E I) and 
ilg/j GM, then iifog// <E. 
I’roo$ Choose f to be an entire function such that f (0) = 1 and 
1 f (a)1 -:: 7, whenever Re x > QS and j z 1 < M + 48, where 7 is a 
positive number to be fixed later. Let u be the contour consisting 
of those points of C whose distance from the segment [a, M] of the 
real line is $8. Then 
whence 
for a suitable choice of v(< E) depending only on 6, E, M. The lemma 
is proved. 
3.7. LEMMA. Let 6, E, M > 0. Then we can$nd a real-analyticfunc- 
tion f on C, such thatf (0) = 1 and 1 f (.z)j < l , whenever 6 < j x / < M, 
and also such that, ;f h E A with / h(x)1 > 6 (x ~1) and 11 h jl < M, 
then j/f 0 h // < E. 
Proof. Apply Lemma 3.6 with g = / h 12. (Real-analytic functions 
operate on A because it is self-adjoint.) 
3.8. THEOREM. There exists a function F on C which is discontinuous 
at 0 but which operates on the natural Banach function algebra A. 
Proof. Let A, be the open disk with center n-r + i2-” and radius 
2-“-l (n = 1, 2,...). F or each n, choose, by Lemma 3.7, a real- 
analytic function f, on C with f,(n-’ + i2-%) = 3, / f,(z)1 -=I 29, 
whenever I x / <n and z$ A,, and such that llfn o hII <2-n, 
whenever h E A with (I h II < n and h(I) n d, = D. Put F = Zfn; 
the sum converges pointwise on C and F is discontinuous at 0. 
Suppose that g E A. We claim that g(l) meets only finitely many of 
the A,. For if not, we can find a sequence {xk} in I with x1< + .x E I 
and g(xJ E A,?< where nk --f co. Then g(x) = 0. Write g = g, + ig2 , 
where g, and g, are real-valued functions. Then 1 g,(xx.)l > 1,‘2n, , 
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so that 1 xl6 - x / > K,k,,. , where K > 0 is independent of k. On the 
other hand, j g,(x,)j < 2- 1 nh+l, so that all the derivatives of g, vanish 
at x. Since ZM,JM~,, = co, we can deduce from the Denjoy- 
Carleman theorem (c.f. Theorem 1.11) that g, = 0, a contradiction of 
the hypothesis that g(xJ E Ask: . 
We have i;f, o g /j < 2~” for all n which satisfy n ;. Ii g (/ and 
g(1) n A, = m ; i.e., for all but finitely many n. Thus, C lifi, c g jj KI a, 
and soFogEA. 
We have constructed the required function. 
Finally, we obtain a result in the positive direction. 
3.9. THEOREM. Let A be a natural Banach function algebra on X, 
where X is in$nite and metrizable. Then at least one of the following 
statements is true: 
(1) A partially interpolates (so that ez?ery function operuting on ,4 
is continuous); 
(2) IfF, dJi d e ne on an open set U CC, operates 011 A, then F 
is locally Lipschitx on a dense open subset of Cl. 
Proof. Suppose that (1) is false. Then X has only finitely many 
components, for otherwise we could find a sequence XI , X2 ,... of 
disjoint open and closed subsets of X, and then, by the E%lov idem- 
potent theorem, fi , fi ,... in A such that fk = 6,. on Xj , and this 
implies (1). Hence, X has an infinite component, say Y. 
We break up the rest of the proof into lemmas. 
3.10. LEMMA. Fix x,, in Y. Then we canJindf, ,..., f,, in A vanishing 
at xc1 , a neighborhood V of x,, , and M ,h 0, such that 
I f(x) - f(X”)l < 1w.h i If&9 (x E V,fE A). 
i=l 
Proof. Suppose that the conclusion is false. Using induction on n, 
we construct for each positive integer n a point yn E I’, functions g, 
and h,, (h = I,..., n) in A, and a positive number C, such that: 
4Y7z > XJ < 1 in; 
h?m(Yj) = skj (k,j = l,..., n); 
/I h,, - hk,n+l II < 2” (k = l,..., n), 
where d is the metric on X. 
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For the initial step, we choose any yr E Y\(xJ such that 
4YlJ so) -< I, and we choose h r1 = g, E A so that g,(x,) = 0 and 
&(Yl) = 1. 
For the inductive step, suppose that yn , g, , h,, , and C, have 
been constructed. Choose p E A so that p(xJ = 1 and p(yj) = 0 
(j = l,..., n). Using the fact that the conclusion is false, choose 
ylLi 1 E Y with 4y,+l , x0) < l;(n + l), / p(ynLl)l > & and so that 
there exists g,+, E A with g,+,(x,) = 0 and 
For k = 
and set 
I gn+dYn+dl > 2”+lC, Ii P Ii II g,+l I/ i I gibJn+dl . 
i=l 
I ,..., n, set 
h h7cn(Yn+1) pgn+1 
Irsn+l = hkn - P(Yn+d &+1(Y,+,) 
h Pgn+l 
n+lTn+l = P(Yn+d ‘L+,(Y7L+d * 
Then the inductive conditions are easily verified for suitable Cn+r , 
and the construction is complete. 
NOW, for each k, hlilL -+ h, , say, in A as n + 00, and hk(Yj) == 6,.j 
for each j, k. Hence, A partially interpolates, and this contradiction 
proves the lemma. 
3.1 I. LEMMA. There exists f in A with f (x0) = 0, and there exist 
compact sets K, , K, ,... C Y such that K, + {x0} and 
where C is some constant. Moreover, we can suppose that, for each n, 
f (K,) is u nowhere dense, connected set with more than one point, 
j argf(x)i < 1 ,n (x E K,), and infzEK, j f (x)1 > i supzsKn /f (x)1 . 
Proof. Let fi ,..., f, b e as in Lemma 3.10. We can find a sequence 
{x,J of distinct points of Y such that xk + x0 and such that for some i, 
I <i<n, wehave 
and i I f&d G n Ifh4l (k = 1, 2,...). 
i=l 
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We can then find compact, connected subsets L, , L, ,.,. of I’, each 
containing more than one point, with L, --j {x0} and 
For each Y, choose g, E A with g,(xJ = 0 and g, nonconstant on 
L, . If 01~ + 0 fast enough, the function f. = fi + C a+.g, belongs to A 
and satisfies the conditions that 
and that f. is nonconstant on each L, . 
Now let P, = f,(L,). Th en P, + {0} and each P, is a compact, 
connected plane set with more than one point. We can find 
Ql , Qp >...> nowhere dense, compact, connected plane sets, each 
with more than one point, with Qj ---f {0}, such that each Qj is con- 
tained in some P, , and such that / a- argzl < l/j (zEQ~) and 
inf,, QI 1x1 ~~suPzEo~pl, where a is some real number. 
The function f = eczafo and the sets Kj = f O’(Qj) satisfy the 
required conditions, and so the lemma is proved. 
Now let F be a function which operates on A; we may suppose 
that F is defined on the open unit disk A, and it suffices to show that F 
satisfies a Lipschitz condition on some disk contained in A. 
Let f and K be as in Lemma 3.11. Choose 6 > 0 so that, whenever 
ol,pECwithjoii <Sandjpj -*S,andxEf(X),then -._ a f @EA. 
Then, by hypothesis, F 0 (a + ,bf) E A, and so, by Lemma 3.11) there 
is a constant C(,, ,5) for each such a, p such that 
I F(” + P4 - q4 < CC% P) I z I (2 E .tGw 
By the Baire category theorem, we can find a0 E C, r0 ;> 0, 0, E [0,2~), 
E > 0, and C > 0 such that 1 01~ 1+ < < 8, Y,, +-- E < 6, and r(, ) 25, 
and such that, writing 
D = {a: 1 01 - 01” 1 < E}, F = {/I = reie: 1 T - r. 1 < E, / 0 - 8,) I < t], 
we have C(N, ,B) < C for (01, p) E T, where T is a dense subset of 
D x Y. We shall show that F satisfies a Lipschitz condition on D. 
The next lemma depends on the following topological construction. 
Let 2 be a nowhere dense, compact, connected plane set with more 
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than one point, contained in an open disk A,, . Let a, b, c, d be distinct 
points of aA, in cyclic order. We can join a and c to distinct points e 
and f of 2 by disjoint open straight line segments A, and A,, respec- 
tively, lying in A,,\Z. Let L = 2 u (A, u A,); then L is a connected, 
compact set and L n aA, = {a, c>. Then A,\L must be disconnected, 
for otherwise b and d could be joined by an arc J in A, at a positive 
distance from 2. But, by the Jordan curve theorem, points in A, near 
a are in a different component of A,\ J from points in A,, near c, and so 
L is disconnected, a contradiction. 
We claim that we can find y E Z\(e,f> such that every neigh- 
bourhood of y meets at least two components of A,,\L. To see this, 
let A’ be a line segment in A, which meets two such components, but 
does not meet A, u A, . By translating x’ we can suppose in addition 
that A’ n Z is nowhere dense in A’. We can then find y E A’ with the 
required properties. 
3.12. LEMMA. If aI E II, PI E V, and z Ef (K), then 
Proof. We have x Ef (K,) for some r. 
Put cy’ = 01~ + ,Qz. By the Baire category theorem, we can find 
/3z~C, 17 >O, and C, >O with I/&l +v <6 and ipz/ >277, and 
such that, writing 
W=W:IP’-AI <d> 
we have C(OI’, /I’) < C, for 8’ E S, where S is a dense subset of W. 
Thus, 
We make the assertion: for each sufficiently large n, we can find 
(LU, /3) E T and p’ E S such that 
and 
To prove this, we put 2 = f(K,), c h oose an open disk A,, containing 
2, and carry out the above construction of A, , A, , L, y (choosing 
a, b, c, d arbitrarily). Let p = dist(y, A, U AZ). Let P and Q be 
compact, connected subsets of f(K,) and f (K,), respectively, 
each containing more than one point, with diameters less than 
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P mint1 PI i p + I 82 ll/4ro . Choose z’ EQ with z’ # x, and choose 
distinct points u and u’ of P. Define 01~ and & in C by 
013 + P3u = a1 + PlYT a3 + P3z = 2 + pzy. 
Then, for sufficiently large n, (01~ , pa) will be near to (a1 , ,8r), and 
hence in D x V. 
Let 
p=rni*(l +,z1 ' 2(Ipyy,) ' 
) ‘7lYI 
t 
PlB7.l 
u = 4(1 + j z I) . 
Choose ac4 E D and /3, E V with 1 (Ye - ova j < p, j /3, - /3, j < p, 
a4 + S4u’ E a1 + A(4W), and 
014 + B4u = 3 + BlY. 
Then choose a5 E D and f15 E V so close to iy4 , p4 , respectively, that 
I a5 - 01~ 1< CL, I& - /3a / < p, and c+, + &A’ is in the same com- 
ponent of a1 + A(4\L) as 01~ + p4u’, and moreover so that 01s + /3su 
is in a different component of 01~ + &(d,\L) from a4 + p4u’ (this is 
possible because every neighborhood of y meets at least two compo- 
nents of d,\L). 
Now define PI’ by 
015 + B5z = a’ + Pl’Y. 
Then, by the choice of p, PI’ E W. 
By repeating the previous argument, we can find 01~ E D and p6 E V 
with 01~ + &z and ~11~ + ,&x’ in different components of 01’ + &‘(d,\L), 
with (Ye and & so close to 01~) ,& , respectively, that a6 + /3,u and 
a6 + /16u’ are still in different components of 01~ + /3,(d,\L), and so 
that / 01~ - a3 I < l-4 I86 - 83 I <I*? I % - 015 I < CJY lP6 - 195 I < u. 
Using the density of Tin D x V and of S in W, we now find (a, ,t?) E T 
and /3’ E S so close to (cy6 , &) and PI’, respectively, that 01 + /3u and 
01 + pu’ are in different components of 01~ + j?,(d,\L), a: + /3.z and 
01 +- /3z’ are in different components of 01’ + fi’(rl,,\L), and such that 
I a- a3 I < P, I P - A I < CL, I a: - a5 I < 0, I B - P5 I < 0, and 
IP' - PI' I < p/8 IY I . 
By the choices of TV and (T and of the diameters of P and Q, we see 
that 
and 
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Thus, by the connectedness of P and Q, we see that (3.1) holds for all 
sufficiently large n, and so we have proved our assertion. 
To complete the proof of the lemma, let 
this is possible by (3.1) for all sufficiently large n. 
Let M = sup{1 w / : w ~f(K,)j. Then 
I F(w1) - F(%)l G C(% 3 A) M, 
I W,) - F(4l < CM, 
I F4 - F(4l e 2c I x I > 
I F(w,) - F(a’)l < GM; 
for the third of these, we use the fact that 
Hence, 
I F(% + A4 - F(%)l = I w4 - F(%)l 
G 2~’ I 2 I + MG + C + Ch, A)), 
and letting n + CO, so that M --+ 0, we obtain 
This completes the proof of the lemma. 
We now complete the proof of Theorem 3.9. 
To show that F satisfies a Lipschitz condition on D, it is sufficient 
to show the following: 
then 
if W, W’ ED with I B. - arg(w’ - w)I < +E, 
I mJ’) - Jwl e (4V,) I w - w’ I , 
(3.2) 
where D, 6,, , E, C, and r0 were defined in the remarks following 
Lemma 3.11. For, once we have proved (3.2), given any two points 
u, v E D, we can find points ws = u, w, ,..., wm-i, w, = v with 
wi E D, 1 B0 - arg(wi+i - wt)j < $6, and 
m-1 
& 1 Wi+l - Wi I < 2 1 U - V 1 cosec &. 
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Then (3.2) implies that 
1 F(u) - F(w)1 < (8C/r,,) I u - w 1 cosec $6, 
the required Lipschitz condition. 
To prove (3.2), let X be the straight line through w and w’. Now, 
by Lemma 3.11, we can find N such that 1 arg z 1 < & for z EP(K,) 
withn>N.Ifx,x’EhnD,with/z’-z/=r/if(y)lforsomer,y 
such that 1 Y - Y,, / < E and y Ed (with n 3 N), then 
x’ - z = f @f(y), some fi E V. Thus, by Lemma 3.12, 
I F(z’) - F(z)1 < 2C If(y)1 , so that 
1 F(d) - F(z)l < (4C/r,) 1 2’ - z I . (3.3) 
It follows that (3.3) holds whenever x, x’ E h n D and / x’ - z 1 
belongs to the semigroup !J of the positive real numbers generated by 
{y I f(r)l: I y - r. I < 5 y E f(K) for n 3 W. 
But Sz is open and dense in the positive real numbers, so that F is 
continuous on X n D, and then we see that (3.3) holds whenever 
z, z’ E h n D; i.e., we have proved (3.2). 
This completes the proof of the theorem. 
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